Effective actions and Schwinger

proper time

We have mentioned effective actions a few times alreadyekample, the effective action
for the 4-Fermi theory is derived from the Standard Modeiritggrating out the W andZ
bosons. It is aeffective action since it is valid only in some regime, in this case fogrgies
less thanmyy, . More generally, an effective action is one that gives thaesaesults as a
given action but has different degrees of freedom. For tikedni theory, the effective
action does not have th& andZ bosons. In this chapter we will develop powerful tools to
calculate effective actions more generally. We will disctisee ways to calculate effective
actions: through matching (or the operator product expemsihrough field-dependent
expectation values using Schwinger proper time, and witlkitfanal determinants coming
from Feynman path integrals.

The first step is to define what we mean by an effective actiba.t&rmeffective action
denoted byl", generally refers to a functional of fields (like any actidefined to give the
same Green'’s functions asdmatrix elements as a given actiSnwhich is often called the
action for thefull theory . We writeI" = [ d*x Log (), whereL.q is called theeffective
Lagrangian. Differences betweeh and .S include thatl’ often has fewer fields, is non-
renormalizable, and only has a limited range of validity. Wihefield is in the full theory
but not in the effective action, we say it has bésegrated out.

The advantage of using effective actions over full theotjoas is that by focusing only
on the relevant degrees of freedom for a given problem catiouls are often easier. For
example, in Section 31.3 we saw that in the 4-Fermi theogelémgarithmic corrections
to b — cdu decays of the forna” In" % could be summed to all orders in perturbation
theory. The analogous calculation in the full Standard Maaeild have been a nightmare.

The effective action we will focus on for the majority of thikapter is the one arising
from integrating out a fermion of mass in QED. We can define this effective action
T[A,] by

/DA exp(il'[A,]) = /DAD@ D) exp [z‘/d‘lx (—}ley + (i) — m)wﬂ )
(33.1)

When 4,, corresponds to a constant electromagnetic figlgs[A] is called the Euler—
Heisenberg Lagrangian. The Euler-Heisenberg Lagrangiaamiazing: it gives us the
QED s-function, Schwinger pair creation, scalar and pseudascidcay rates, the chiral
anomaly, and the low-energy limit for scattering photons, including the light-by-
light scattering cross section. As we will see, the Euleiisklgberg Lagrangian can be
calculated to all orders ia. using techniques from non-relativistic quantum mechanics
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33.1 Effective actions from matching
|

So far, we have only discussed how effective actions can loelated through matching.
This approach requires that matrix elements of states &gtiee full and effective theories.
For example, in the 4-Fermi theory, we asked that

(QIT{py }|Q)s = (QUT {9 }Q)r, (33.2)
where the subscript on the correlation function indicatesdction used to calculate it.
Writing the effective Lagrangian as a sum over operatis(z) = > C;O;(x) we were
able to determine the Wilson coefficierdts by asking that Eq. (33.2) hold order-by-order
in perturbation theory. One-loop matching in the 4-Ferngioity was discussed in Sec-
tion 31.3. Other examples of matching that we considereldidecthe Chiral Lagrangian
(Section 28.2.2) and deep inelastic scattering (Sectiof) 32

In the 4-Fermi theory and for deep inelastic scattering, vaécined by expanding prop-
agator 1mg or szZ respectively (see Egs. (32.70) and (32.71)). The reasocame
expand propagators to derive an effective Lagrangian iaumxwhen a scale suchmasgy,
or () is taken large, the propagator can only propagate over d distnce. In terms of
Feynman diagrams, we expand an exchange graph in a set binractions:

NA
SN

To see how this works in position space, consider matchingkawa theory with a massive
scalar,

(33.3)

Ly = G = 36(0+m?)6 + Ao, (33.4)

to an effective Lagrangia.¢ which lacks that scalar and is useful for energies much
less thanm. For largem, fluctuations of¢ around its classical configuration are highly

suppressed. Thus, to leading order we can asspirsatisfies its classical equations of

motion, ¢ = ﬁd—)d}, and that loops of are small corrections. Plugging the classical
solution back into the Lagrangian gives

Leg = i@y 2 Wﬂ - V. (33.5)

In this way L.¢ is guaranteed to give the same correlation function§yadbut has nap
field init. As long asn is larger than typical momentum scales, we can also Tay/{oauec
this non-local effective Lagrangian in a series of Iocalrapmrs

Leg = i@ t3 ww WJDW/ +- (33.6)

If ¢ were thelW andZ, this Would give the 4-Fermi theory supplemented by additio
operators that have effects suppressed by pOWeTin%QOEt low energy.
w



33.2 Effective actions from Schwinger proper time

Setting ¢ to its classical equations of motion amounts to taking tleemst descent
approximation in the path integral. To integrate gub all orders, we have to perform the
path integral exactly. Thus, we can define the effectiveoacis

[ 2ipvexn(i [ ateLalonil) = [PopiDw e (i [ dtacyion.il),
(33.7)
which connects back to the definition given in Eq. (33.1).

33.2 Effective actions from Schwinger
proper time

The next method we discuss for computing effective actierteriough Schwinger proper
time. The idea here is to evaluate the propagator for thécpame want to integrate out
as a functional of the other fields. Pictorially, we can wiitis as

Ga(z,y) = ——r + 4>—§—» + +§_>§_» +---. (338)

Then, when we integrate out the field, we will generate anitefget of interactions among
the other fields.
The key to Schwinger’s proper-time formalism is the mathgrahidentity
i o - ;
—— = [ dse™Ate) 33.9
A+ie /0 se ’ (33.9)

which holds forA € R ande > 0 (see Appendix B). This lets us write the Feynman
propagator for a scalar as

d* . )
brta) = [ e

(2m)1 p?—m? +ic
d4 . o0 . 2 2

- / (2 1)74 ey [ gg et (P mmidie), (33.10)
™ 0

The integral overd’p is Gaussian and can be done exactly using Eq. (14.7) wita
—2isgh”, giving

—1 ®ds —i [7@;?)2 +Sm27i55]
D =— — : 33.11
F(xvy) 167’(2 /0 826 ’ ( )
which is an occasionally useful representation of the pgapa. Form = 0 it provides a
shortcut to the position-space Feynman propag@tefz, y) = —M%m.
An alternative to performing the integral ovedirectly is first to introduce a one-particle
Hilbert space spanned byy), as in non-relativistic quantum mechanics. This lets usewri

(p|x) = €%, Then, from Eq. (33.10) we get
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Deey) = [ Gbsto) /Ow ds (" =) (pla). (33.12)

The analogy with quantum mechanics can be taken even fuititevduce momentum
operatorg)* with p"|p) = p*|p) and defined = —p2. Thene®*?’ (p|z) = (ple 7 |z).
This lets us usé2r) ™ [ d*p|p)(p| = 1 in Eq. (33.12) to get

o N o )
Dp(x,y):/ dse_sge_ism2<y|e_iSH\x> E/ alse_s‘fe_“”mz(y;O|:1:;s>7 (33.13)
0 0

where|z; s) = e*i3ﬁ|x>. In the second step, we have interpreféds a Hamiltonian and
s as a time variable known &chwinger proper time.! Schwinger proper time gives an
intuitive interpretation of a propagator:

A propagator is the amplitude for a particle to propagatenfroto y in proper times,
integrated oves.

One has to be careful interpretiti§ however, since it conventionally includes only the
dependence and not the dependence (a8 = m? — p* would).

We can go even further into quantum mechanics by defining tieer@s function as an
operator matrix element. Define the Green’s function operfar a massive scalar as

- 1

G

—_— 33.14
P2 —m?2 + e ( )

Then the Feynman propagator is

d*p . i d*p i
D — ip(z—y) _ /
F('ray) / (271')46 p2 —m2 1+ (2 ) <y‘p>< | p —m2 +Z€|x>

= (y|G|x). (33.15)

Or we can go directly to proper time, without ever introdgcihe p integral, through
Eq. (33.9):

Dr(z,y) = (y|Glo) / ds 5= (y] = iH19 ). (33.16)

whereH = —p? as before.
By the way, when you have two propagators, as in a loop, tlesaat identity is

— / ds / dt e ATitB (33.17)
0 0

(theie factors are implicit). If we then write = z7 andt = (1 — x)7, so thats andt are
the fractions: and(1 — z) of the total proper time, this becomes

1 1 e3¢} ) 1 1
— _ iT(xA+(1—-2)B) _
1B /0 dx/o Tdre /0 dx Azt B2 (33.18)

1 To understand why is called a proper time, recall from relativity that propenéis is defined by the differ-

entialds? = g, dztdz". SinceH = —gu PP Y, it naturally generates translations in proper time through

pv_0 9
97 Bar a7




33.2 Effective actions from Schwinger proper time 707

which is a Feynman parameter integral. Thus, in a loop, eadicfe has its own proper
time, s or ¢, which denote how long each particle has taken to get arasmnghit of the
loop. Then the Feynman parameter % is how far one particle is behind the other one.

33.2.1 Background fields

Now suppose a fields interacts with a photon field, through the usual scalar QED
Lagrangian:

]‘ *
— 1 Fi =" (D* + m?)o, (33.19)
with D,, = 0, + ieA,. As a step towards calculating the Euler—Heisenberg Lagaan
we will need the scalar propagator in the presence of a fixeztead A, field. We write
(A]---]A) instead of(Q2| - - - |2) when matrix elements are taken in the presence of an
external field rather than the vacuum. Thus, the propagattire presence of an external
field A, is written as

L=

Galz,y) = (A|T{d(y)o" (x)}A). (33.20)
Using operator notation, we usg — —ip,, to define

G )
AT p—eA@)2—m? +ic

(33.21)

This equation illustrates an advantage of the quantum nméchaperator formalism over
Feynman diagrams: we can work in position and momentum sphtiee same time,
through operators such as- eA(z).
Then, as in Eq. (33.15), we have
1
(p— eA(£))2 — m? + ie

Galz.y) = (ylGalz) = (y| ) :/ds 7 e (yle o),

(33.22)
where now
H=—(p—eA®))>. (33.23)

So we get the same formula as for the free theory, but withfardifit Hamiltonian. The
interpretation of Eq. (33.22) is thét 4 (x, y) describes the evolution af from z to y in
time s, including all possible interactions with a fielt}, over all possible times. This is
shown diagrammatically in Eq. (33.8).

For a spinor, we want to evaluate

Gal(z,y) = (AIT{(y)d(2)}A). (33.24)

First, recall from Eq. (10.106) that
* = D} + S Fuot. (33.25)

We used this identity in Chapter 10 to show that Dirac spisatssfy the Klein—Gordon
equation with an additional magnetic moment term. Here, Apgo’” term will again
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produce the differences between the scalar and Dirac smiases of quantities we
calculated. Then, in momentum space, we have
&

(B —ed(@)” = (b — eA(2))* = S Fu(2)0™. (33.26)

This identity lets us write the spinor Green'’s function aier as

Ga=

p—eA(Z) —m +ice
= (p— ed(&) +m)

i

33.27
=A@~ SFu@om —m2 i oED)

and so the Dirac propagator is

GA(Z’,y> = (y\}mm :/O ds e S€e—ts™m <y\(15 _ eA(i:) + m)e_iHS|£C>
(33.28)

as before, but now with

~ &

H = —(p" = eA"(2))” + S Fyu (2)0"". (33.29)
Note that there is no Dirac trace here, since the Green'sifimis a matrix in spinor space.

33.2.2 Field-dependent expectation values

To connect to effective actions, recall from Section 334t th integrate out a field at tree-
level we set it equal to its equations of motion. Another waghrase this procedure is that
we set the field equal to a configuration for which the Lagrandias a minimum. Now,
classically, we can always expect to find the field at the mimmSo the minimum can be
thought of as a classical expectation. The generalizabitimet quantum theory is to replace
a field by its quantum vacuum expectation value:

b — (Qo|0) . (33.30)

The classical and quantum expectation values agree detrekbut can be different when
loops or non-perturbative effects are included. We willsidar how the vacuum can be
destabilized by quantum effects in Chapter 34. Our focug lemot on the expecta-
tion value in the vacuum, but in the presence of a fixed elewgnetic field. Thus, in
a background field, we can integrate guby replacingy — (A|¢|A).

Let us go straight to the fermion case. The Lagrangian is
LR+ 0 — ) — Ay, (33.31)
We now want to replace this by the effective Lagrangian whleeecurrent thatd,, cou-
ples to is replaced by its expectation value in the given fomafiguration, which we are
denoting as,;:

L:

1
ZF*%” —eA,JY, (33.32)

»Ccﬂ' = -
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where

Jh = (Al (x)y" ()| A). (33.33)
This is not a vacuum matrix element, but a matrix elementénpitesence of a given state
|A).

Now we can calculatg’y using Schwinger proper time. First note that= 0 is the
vacuum, soJ' should reduce to the propagatG¥x,y) with z = y when the field is
turned off. Indeed, being explicit about the spin indices

T4 (@) = Qe (@) va(@)|Q) = ~Tr[(Qla(2)ba(@)fi512)] = ~Tr (]G |2).
(33.34)

The third form is meant to indicate that the trace of the ma{wd}y“]aﬂ is being taken.
In the presence of a non-zerbfield, we just have to replace this by the propagator in the
A,, background:

Jh(x) = —Tr (x| G ay"|z), (33.35)
whereG 4 is the Green’s function in Eq. (33.27). So,
Jh=-Tr [/ dse sce~ism’ (zIy"(p — ed + m)ems|x>}
0

= 7/ dse e~ ism’ (z|Tr {’y"(p - e#i)ei((ﬁ*”‘)2 2"“”FW)S} |z), (33.36)
0

where we have used thar of an odd number ofi-matrices is zero. Next, note that the
current is itself a variation:

no_ _i 9 /OC @ —se —ism? —iHs
Jh 294, )y s e e Tr[<m|e \m)} . (33.37)

Integrating both sides with respectAg, and using Eq. (33.32) gives

1 i [ d 5 B
Lon(®) = —7F2, (@) +% /O ?Se_sae_”szr[<x|e_1Hs|x>] , (33.38)

which is only a function of the background field,. For a spinorH is given in Eq. (33.29).
For a complex scalar, the effective Lagrangian has a sifiutan:

Lanlo) = = (P o) —i [ Demreron @l o, (33.39)
0 S
with H = —(p — eA(2))? as in Eq. (33.23). The scalar case is actually more difficult

to derive than the spinor case using Schwinger’s methodusecaf theAﬁqs*QS term in
the scalar QED Lagrangian. We produce this Lagrangian usgygman path integrals in
Eqg. (33.52) below.
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33.2.3 Interpretation and cross check

Up to an extra factor of, the proper-time integral in Eq. (33.39) looks just like G 4 |y)
in Eq. (33.22) withz = y. This is easy to understand: the effective action sums dlose
loops, where the particle propagates back to where it stafer some proper time.
That s, itis an integral ovelr; 0|x; s). In terms of Feynman diagrams, the effective action
includes all diagrams with any number of external photorts@re closed fermion loop:

(33.40)
The physical interpretation of the expectation Va|(1ﬂe_iﬁs|x> = (z;0|x;s) in
Eq. (33.38) is therefore that it is the amplitude for a p#&tio go around a loop in proper
time s based on evolution with the Hamiltonii.
Note that the first diagram in Eq. (33.40) does not involve phgtons at all, thus it
should represent the vacuum energy of the system. Thisgeew nice consistency check.
SettingA = 0, to get just the first diagram, the effective action beconreshe complex

scalar case)
*d . "
0] = —z’/d4az/ ?Se_s‘fe_’s’”2 <x|eZp23|x>. (33.41)
0

Insertingl = k |k) (k| we find
(2 )

) * ds d*k P y
ro} = —ZVT/O ?/Wexp[z(kjo —k*—m +ze)s}, (33.42)

whereVT is the volume of space-time. It is convenient to remove thitdr by writing
I'[0] = —(VT)Veg with Vi an effective potential energy density, which in this cagess
a constant.

The integral over proper time is divergent from the: 0 region, corresponding to where
the loop has zero proper length. However, Schwinger proper tonveniently gives us a
Lorentz-invariant and gauge-invariant way to regulaténsiigergences: cut off the integral
for s > s¢. To evaluatd/, we Wick rotatek, — iky and can integrate over the imaginary

axis. This gives
d d3k dk® -
/ i / / exp{ i(ks 4 k> + mQ)S}
S0

= Q\f/ &k /OO ds exp[ (E2+m2)s}, (33.43)

where we have replaced— —is in the second step. Then we find

d3k 1 -
V= [ 25 (- N Vim0 ) (33.44)
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The— \1ﬁ is a divergent constant, corresponding to an extrinsicfedpendent vacuum

uE-1s}

energy. This can be removed with a vacuum energy counteriédmmimportant term is in
the integral over/ k2 +m?2 = wy, which counts the ground-state energies of the modes.
It was this sum, not the constant, that led to the Casimirfaiiscussed in Chapter 15.
Note that we ged;, instead of%wk since this is the effective action for a complex scalar
that has twice the energy of a real scalar. For a Dirac ferptf@calculation is identical,
sinceH = —p? in both cases whed = 0. The only difference is that the Dirac trace and
—1in Eq. (33.38) give a factor af(—1) = —2 compared to the scalar case in Eg. (33.39).
The minus sign is consistent with a fermion loop and the faof@ is consistent with a
Dirac spinor having twice the number of degrees of freedora obmplex scalar. These
are the same results we found in Section 12.5 by computingrikegy density from the
energy-momentum tensor. One consequence is that in a théibrna Weyl fermion and
a complex scalar of the same mass, such as in theories wignssupmetry, the vacuum
energy is zero.

33.3 Effective actions from Feynman

path integrals
|

An alternative approach to calculating the effective ati®mbased on the Feynman path
integral. Here we want to integrate over some fields by peviing the path integral. For
scalar QED, integrating out the scalar means

/DAexp(iF[A]) = /DAD¢D¢* exp {i/d%(—iij — ¢*(D? +m2)¢)] .
(33.45)

In this case, since the original action is quadrati@jrwe can evaluate the path integral
exactly. We will ignore thece in this section for simplicity.
Recall the general formula from Problem 14.1:

exp(iJM L), (33.46)

1
Dy*D i | d*x(o*M M)| =
/ ¢ gbexp[z/ (oMo + J )] NdetM
where is some (infinite) normalization constant. Thus, for thd@c®ED Lagrangian
we find

/DAexp(iF[A]) :N/DAeXp {i/d‘lx <—iij)] m- (33.47)

This equation will be satisfied if

1

m . (33.48)

exp |:iF[A] +i/d4x1F2 ] =N

4
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To make this notation somewhat less opaque, we can turn trEtenous determinant into
a sum by noting that

iT[A] + i/d%iFiV —InN = —In[det(—D* — m?)] = —tr[In(—D* — m?)] .
(33.49)

The trace is a sum over eigenvalues, in this case, eiger:x;vafu(—:‘ln(—D2 — mz). One
can either evaluate this trace in momentum space, as willdoeigssed in Chapter 34, or
in position space, as we discuss here. The beautiful thiogtad trace is that it is basis
independent. So we can just evaluate the sum on positiomsaes. That is, using the
quantum mechanics notation from Section 33.2 we have

iT[A] = /d‘*m[—iFﬁy — (z|In(-D? — m2)x>] +InN. (33.50)
To connect to Schwinger proper time, take a derivative wapect tan? and introduce a
Schwinger parameter. Then,

%(az\ In(—D? — m?)|z) =

1 . "o 1 ot
5 /0 dse ™ (x|e™"7 % x),

“Hpr el =
(33.51)

with I = — (p — eA(#))* as in Eq. (33.23). Integrating over? and restoring thez,
which we have been ignoring in this section, gives
1 2 . >~ ds —se_—ism? —iHs
Leg(x) = _ZF‘W —1 —e e (x]e |z) + const (33.52)
0 S

where the integration constant ahd\ have been combined. Physics is unaffected by
these constants, and indeed we will exploit the fact thatcan be shifted by a constant to
remove infinities wher ¢ is renormalized.

33.3.1 Fermions

For fermions, we need to evaluate

/ D) D1 exp (z / d*z (i) — m)zp) = N det(ilp —m). (33.53)
Thus,
il[A] =i / d*z <_111F5”> + Tr[tr(In(if) — m))] + const (33.54)

whereTr indicates a Dirac trace and is the normal integral over* or p*. The effective
Lagrangian is then

Leg(x) = _iFiv —iTr[(z|In(il) — m)|z)] + const (33.55)
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As before, we take a derivative with respeciitd:

d i i) +m i 1
gz en(@) = g Trlel Z = ) = 5T [@'_wz_mg'@]
1 > . 2 - 142
= 7/ dse "™ Tr [<x|e_”p s|x>} , (33.56)
2 0

where we have used in the second step that the trace of an ataenof~-matrices is 0.
Integrating overm? gives
1 [ ds _; ;
Leg(x) = _ZF’f” + %/ 83 gmism®my. [<x|eﬂlp2s|x>} + const (33.57)
O S

Using Eq. (33.25), we then get

1 [0 d . i 2 e v
Leﬁ($) - __p2 + 1/0 ?sefzsszr[<x‘ez[(pfeA(z)) —§F,, 0" }S|ZL‘>:| + const

4 2
(33.58)
which agrees with Eq. (33.38).
Another way to obtain this result is to observe that
Tr(z|In(il) — m) |z) = Tr(z|In(—il) —m)|z). (33.59)
So averaging the two gives
Tr(z| In(il) — m) |z) = %Tr(:d In(—Pp* — m?) |z). (33.60)
We can write this in terms of Schwinger parameters usingdastity
/ %e“A = —In(A) — Insg + finite, (33.61)
S0

which holds as, — 0. This lets us write Eq. (33.54) with Eqg. (33.60) as Eq. (33.58

33.4 Euler—Heisenberg Lagrangian

Now we are ready to do some physics! We will calculate thecéffe action for the case of
a constant background electromagnetic figlg (which is not the same as constaty).
From Eq. (33.38) we need to evaludige~i7%|z), whereH = —(p—eA(2))?+10,, FM

in the spinor case anfl = — (p — eA(i‘))2 for scalars. There are a number of ways to
evaluate this trace. The quickest way is to work in bagjg of eigenstates off. Then we
can use

/ d (e o) = / a3 () (e o )

- / da 3 Y (@)]? e, (33.62)
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Thus, we just have to sumrZ¢ over all the eigenvalue®,, of H. In this way, we
reduce the problem to non-relativistic quantum mecha®insalternative, somewhat more
general, approach is discussed in Appendix 33.A.

We are interested in constafy,, . For a constant magnetic field in thedirection, we
can taked, = Bz and so the Hamiltonian becomes

jig= [—pf 92+ P2+ (py — eBae)2] x lyxs — €B (‘B f) : (33.63)
with the eBo, term being the spin—-magnetic moment interaction cominmfeg,, £'#*.
H has eigenstates for any valuesppfp, andp,. Writing

e = (o = g Jem s (33.64)
€

reduces the problem to finding the eigenstate$?of- (eB:i')Q, which is just the non-
relativistic harmonic oscillator Hamiltonian. The resudt that x,, are the harmonic
oscillator wavefunctions and takes discrete values, corresponding tolthadau levels
of a non-relativistic electron in a magnetic field. The eies@re therefore

Epepvp=d — _p2 42 4 oB(2n 4 1) — 2e B, (33.65)

where) = 41 comes from spin being up or down in thelirection.
From Eg. (33.62), we then get

/d4 (x]e™ ’H9|x —2/d4 dptdpydpz Z Z

=0 ==%1

2
an—f)

% ez(pt —pz)se—ie‘e(Qn—i-l)BeQieBks, (3366)

where the 2 comes frofl being block diagonal. To evaluate these sums and integvals,
put the system in a Euclidean box of sizeThen thedt, dy, anddz integrals give a factor
of L3. Thedz integral just gives 1, since the wavefunctions are norredliBecause the
wavefunctions depend cm— ~%, unlessp, < LeB, the wavefunctions will shift out of
the box; so the, integral glves a factor of BL. We then have

/d4 x\e ZHS|.’L‘ -9 Z 2ise BA FBL / dpzdptel(pt —p? )s Ze—ies(2n+1
A==+1
4 €B 1cos(esB)

= oA ST 67
8712 s sin(esB) (33.67)

This has no position dependence, sinBeis constant. It corresponds to an effective
Lagrangian as in Eq. (33.38) of the form

eB [*ds _,. _;.m21cos(esB)
Len=—F2 + —e e S 33.68
S T /0 s¢ © s sin(esB) ( )
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The calculation for a constant electric field is the samewbtit B — iE. The general
Lorentz-invariant expression for the effective Lagrangfar any constant),,, can be
written as

FMWE,,, (33.69)

1 5 e [®ds _,. _;sm2Recos(esX)
Lew = — 4F,m 327r2/ —e ¢ Y

whereX is a scalar function of the electric and magnetic fields ddfime

s Im cos(esX)

— —

X = \/2 2, = 5P Ey =/ (B+iE)?, (33.70)

with Frv = %s“l’aﬂFaﬁ. You are encouraged to check the constahand general
expression in Problem 33.1. Taking— —is we find

1 e? *®ds , 2 Re cosh(esX)
L — F2 2 ise ,—sm
B = Tt T 3272 / s © Im cosh(esX)

In this form, the Lagrangian is more obviously real (excepggibly near singularities as
discussed in Section 33.4.3).
Finally, the Lagrangian should be renormalized. We usemmahsubtraction. Expanding
the integrand perturbatively i we find
Recosh(esX) - 4 2 o, e%s?

——_FW[,, = —= F?
Im cosh(esX) T 22 3T T s ( ”V)

M. (33.71)

R

(33.72)
The leading two terms result in a UV divergence from the spraper-time region of the
ds integral. These divergences can be regulated in a Loreméziant and gauge-invariant
way by simply cutting ofts > so. The required counterterms are a constant and a renormal-
ization of the Ieadlng?2 term. Thus, we remove the infinities with minimal subtraatio
giving

e? ®ds , > [ Re cosh(esX) 4
L _ F2 0 ise ,—sm FMVF L F2 )
BT “”+327r2 / s © [Im cosh(esX) + 2 F 3
(33.73)

This is theEuler—Heisenberg Lagrangian It is the renormalized effective action aris-
ing from integrating out a massive fermion for constapt. It is worth emphasizing that
this effective Lagrangian is non-perturbativeeinlt encodes an infinite number of 1-loop
diagrams, as in Eq. (33.40), and a tremendous amount ofgshy&le will go through a
number of applications below.

In Appendix 33.A, we derive this Lagrangian more slowly,ngsBchwinger’s original
method. The basic idea is to calculdtge ~*¢|z) = (y;0|x; s) by solving the differential
equation

i04(y; 05 8) = i, (y; Ole~"%|2;.0) = (y; 0| Ha; s). (33.74)

The Heisenberg equations of motighi* = i [H, "] and Lp* = i [H,p"] are used to
get an explicit form fori*(s) andp*(s) and therefore (s). This method of calculation
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produces the full Green’s functiaB(z,y) = (y; 0|x; s) , which is more generally useful
than the effective action alone. For= y, which is relevant for the effective action, the
differential equation reduces to (cf. Eq. (33.A.150)):

i0s{(x; 0|z; ) = —tr [;eF coth(esF) + ;UF:| (x;0]x; 8) (33.75)
whereF = F,, ando = o, are matrices. The solution with appropriate boundary
conditions is

- 1 1 sinh esF .es »
(x;0]x; s) = T2 52 P (—ztrln {esF] - ZEUWF” )

e F’“’FW
=—i
6472 Im cos(esX)

exp(—%%w”) . (33.76)

Again, this can be checked by differentiation. For a cortstaagnetic field, this is
equivalent to Eq. (33.67).

The Euler—Heisenberg Lagrangian was first calculated bgétdierg and his student
Hans Euler by finding exact solutions to the Dirac equatioa @onstant,,, background
[Euler and Heisenberg, 1936]. Our derivation of it, patticly the one in Appendix 33.A,
is due to Schwinger [Schwinger, 1951].

33.4.1 Vacuum polarization

Expanding the unrenormalized Euler—Heisenberg Lagrangmin Eq. (33.72), we found
two divergent terms which were removed with counterterm&dn (33.73). If we do not
include these counterterms, the expansion gives

1 ez [*ds . 2 1 1

Lenw=—-F2 — — —elsEeTImT | 4 —F? finite. 33.77
EH 4" 8x2 f, s c |:€2S2 + 6 “”} + ( )
The first term in brackets is constant. It gives the vacuumggndensity, as discussed in
Section 33.2.3. The second term looks just like the treeH®ED kinetic term,—iij.
Keeping only this term (before renormalization), we have

1 1 ez [*ds . 2
Lew=—-F2% — —F? —/ —e"fe™ 33.78
EH 4 6 M 82 0 s e € ( )

This is UV divergent, from the ~ 0 region. Regulating with a Lorentz-invariant UV
cutoff s, we find

1 e? “ds 2
L — —*F2 1 2 ise ,—sm
BTy W( UTr= /0 s © )

1 e?
= _ZF‘%” <1 -5 In(som?) + const) : (33.79)

This logarithmic dependence on the cutoff is exactly whafowed from computing the
full vacuum polarization graph in QED. As discussed in Chaf@8, UV divergences deter-
mine RGESs, and this one determines the leading gsefeinction coefficient. We can read



33.4 Euler—Heisenberg Lagrangian

off from the coefficient of the logarithm in Eq. (33.79) (asdissed in Chapter 23), that
the g-function in QED at 1-loop is

e3

Ble) = 1972’
which agrees with Eq. (16.73) (or Eqg. (23.29)).

(33.80)

33.4.2 Light-by-light scattering

The original motivation of Heisenberg and Euler was to dakeuthe rate for photons to
scatter off other photons. This problem was suggested to tne Otto Halpern and is
sometimes called Halpern scattering. The relevant Feyrdizgnam is

N

iM = Y A . (33.81)

SN

This is a difficult loop to compute directly, even with todsiyechnology, much less with
what Euler and Heisenberg knew in 1936. We can get the answéhng limit of low-
frequency lightw < m) directly from the EuIer—Heisenberg Lagrangian. The ratév
term is the one to fourth order i which has the fom& =4 [ (F?)? + E(FF)Q}. This
term was computed first in a paper by Euler and Kockel [Eulérkockel, 1935]. Using
it for light-by-light scattering corresponds to a treedeiFeynman diagram of the form

o
AN

Note that our effective Lagrangian is only valid whénf',s = 0; thus we will only get
the result to leading order rﬁ% From the experimental point of view, this is enough, since
light-by-light scattering of real on-shell photons has yettbeen experimentally observed,
at any frequency.

The matrix element is

A

\

(33.82)

2
a® 1
M = %ﬁ{(?}ﬁi —pren)(hes — pien) (Dhed — phel ) (pacs — phes’)

7
+15 [P (ples, — phey) (Dheh — phen)] x [P (phed* — pied*) (pael — phen’)]

+permutation}.
(33.83)
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Summing over final polarizations and averaging over infi@hrizations, the result is

1 2 1a' 1 2,2 2 2
72 f——2224 .84
M 1902 m (s t? + s%u +tu), (33.84)

which leads to a cross section
973 A wf"
101257r

This is the correct low-energy limit of the exact Ilght—bght scattering diagram. The exact
result from the 1-loop graphs can be found in [Berestetsla)., 1982].

(33.85)

O tot =

33.4.3 Schwinger pair production

Notice that the effective Lagrangian in Eq. (33.73) has wimgties for certain values of
the electromagnetic field. To see where the singularitiesvee first consider the case with
BandE parallel. Then,

F2,=2(B* - E?) =2(B* - E?), (33.86)
whereE = |E| andB = | B|, and
FWFE,, =—4AE-B = —4EB, (33.87)
and then, from Eg. (33.70),
X% = %(ij —iF"E,,) = (B+iE)>. (33.88)

Then the Euler—-Heisenberg Lagrangian in Eq. (33.73) sfiaplio

Len = % (E* - B?)

82 s e2s2 3

2 ds ! S
e / S 7,55 7m s |:EB Cot(esE) Coth(esB) :| .

(33.89)

Sincecoth(x) has no poles for: > 0, the singularities are all associated with constant
electric fields. Thus, we take the limit — 0, in which case the fact that we todk and
B parallel is immaterial. From Eq. (33.89) we find

Len = %EQ - 8%/ ;lg elesemsm [eEs cot(eEs) — 1+ ;(esE)z} . (33.90)
In this form, we can see that the Euler—Heisenberg Lagraruga poles for reall when
sis equal tos, = 2% forn = 1,2,... As we will now see, these poles indicate that
strong electric fields can create electron—positron paingrocess known aSchwinger
pair production (although it was predicted first by Euler and Heisenberg).

How can electrons and positrons be produced from the Eutsedberg Lagrangian,
which has no electron field in it? They cannot. However, inigaump quantum field theory,
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forward scattering rates are related to the sum over reaustmn rates via the optical
theorem. Recall from Section 24.1 that by the optical theofgee Eq. (24.11))

1
ImM(A — A) = 5 > dlT{ips| M(A = X)), (33.91)
X

We can apply this theorem to QED in the situation whietk corresponds to a coherent
collection of photons describing a large electric field. IED) the sum over statgs()
includes states with on-shell electrons and positronsceSED is unitary, the optical
theorem holds. In the Euler—Heisenberg Lagrangian thesstad} are the same states as
in QED. Thus, if the calculation ofgy has been done correctly, the left-hand side of
Eq. (33.91) should be unchanged, as one would expect frontehing calculation. The
right-hand side of Eq. (33.91), on the other hand, canndhésame as in full QED, since
QED has electrons in it and the Euler—Heisenberg theory doed hus, what would be a
unitary process in full QED now appears as a non-unitarygeedn the effective theory.
Unfortunately, it is not easy to use Eq. (33.91) to calcutagepair-production rate, since
one would have to sum over an infinite number of multi-pagtithtes.

There is a nice shortcut, due to Schwinger, for evaluatiegdkal pair-production rate.
If there were no pair production, then the electric fieldesta) would be constant in time.
Thus(A|S|A) = 1 whereS is the S-matrix. Since in this case the action is constéht:
¢’ Therefore)(A| e |A)* = |eiF|2 measures the probability for something other than

A to be produced. In other Word&”]2 gives the probability that no pairs are produced
over the timel” and voluméelV of the experiment. We then have

‘eil“|2 — ¢iTeil™ — (i0-T") _ o—2m(l] _ —2VTImLen (33.92)
where in the last step we use that, for given background fields Euler—Heisenberg
Lagrangian is just a number. Tha@émLgy is the probability, per unit time and volume,
that any number of pairs are created. This is the continuulth fiersion of the optical
theorem relatiodmM (A — A) = mal o, Wherel' « is the total decay rate of a single
particle of massn 4.

In order to calculatdmLgy we note that the integrand in Eq. (33.71) has poles at
sn = Jpn. There is no pole at = 0, as can be seen from expanding the integrand at
smalls. The imaginary part of this expression can be calculategusbntour integration
(Problem 33.3). The result is tRat

1 <1 2 ab? X1 —nmm?
21 ==Y e = — N = _ _
m(Lesr) g ; S%e = 2 3 exp( " ) (33.93)
Performing this sum, we find
. E? wm?
I'(E — eTe™ pairg) = O;—Q Lio (e‘ =2 ) , (33.94)

with Lis(x) the dilogarithm function. This is the rate for Schwingerrgaibduction in an
external electric field.

2 This sum also has an interpretation as a sum over instargeagdr example [Kim and Page, 2002)).
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2
m.

The rate for pair production is negligible unfil 2 £ citical = —= =~ 10'® volts/meter,
which is an enormous field. As of this writing, Schwinger gaimduction in QED has still
not been observed, since it is extremely difficult to get siiglds in the lab. One might
imagine, however, that such strong fields might be produtmsido a particle with a very
large charge, such as an atomic nucleus. The field aroundleusus £ ~ - 7. Now,

the Euler—Heisenberg Lagrangian is only valid for fieldst thave wavelengths greater

thanm%, so the best we can say is that pair production would begi# farge enough that
FE critical ~ ﬁz, which givesZ = 46%2 = é ~ 137. This result is sometimes invoked
to explain why the periodic table has less than 137 elements!

33.4.4 Connection to perturbation theory

It is informative to consider which of the predictions we baderived fromLgy are
equivalent to perturbative calculations in QED, and whihreot.

We found that the Schwinger pair-production rate dependestp(— TZEQ ). This depen-
dence ore indicates that pair production is a non-perturbative éffegou would never see
pair production from constant electric fields at any fixedeorth perturbative QED. Of
course, you can get pair production in perturbation theBuy. this would involve pho-
ton modes of frequencies larger than More precisely, one can show that [ltzykson and
Zuber, 1980]

2

T(E = ete) = %/d4q9(q2 —4m?) {E((f)r 1 4;”22 (1 + 2;';) . (33.95)
which vanishes whelE is constant. The Schwinger pair-production rate is one ef th
very few analytic non-perturbative calculations in quantiield theory that give physical
predictions.

Other results, such as the rate for light-by-light scattgricould be calculated in per-
turbative QED. Nevertheless, the Euler—Heisenberg Lagmanefficiently encodes the
result of many loop calculations all at once. It is worth dissing exactly what graphs
are included in the Euler—-Heisenberg Lagrangian, sinceuhderstanding will apply to
similar effective actions in other contexts.

Recall our expression for the effective Lagrangian wheeef¢hmion is integrated out,
Eq. (33.38),

Lanld) == 3FL + 5 [ S ale P o), (33.96)
We have not assumeldg,,, is constant at this point, and in fact this effective actoexact.
That is, since the Lagrangian was quadratigirthis is a formal expression for the result
of evaluating the path integral gf completely. It does, however, correspond to only 1-loop

3 This result actually follows more simply from dimensional asis. The ground state of a hydrogen-like atom
has energyZy ~ —Z2a2me. To get pair production, a nucleus has to be able to captueteairon from the
vacuum, emitting a positron into the continuum,Bp < —m. giving Z 2> é up to order 1 factors, which
we cannot get by dimensional analysis.
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graphs, those in Eqg. (33.40), since there is only a singlpggator going fromx: back tox
in proper times. But how can this expression be exact if it does not includ@éii loops?
Are graphs such as

or (33.97)

which have internal photon and/or fermion loops, includedat?

To answer this question, first recall that in the calculatibthe effective action, and in
the formal exact expression Eg. (33.38), the photon prdpagéays no role. In fact, if we
dropped the photon kinetic term from the original actiom ¢timly change in the effective
action would be that the%Fﬁu term would be missing. Thus, neither of the graphs above
are included in the effective action calculation, sincehdovolve the photon propagator.
On the other hand, since nothing is thrown out (assumingfthete actionl’[ A] is known
exactly), any physical effect associated with these grapinst be reproducible within the
effective theory. For example, these graphs in full QED gbuate to the QED3-function,
which has physical effects. The way the effective theoryadpces the physics of these
loops is with its own loops involving effective vertices. Beally, the fermion loops are
computed first, treating the photon lines as external, whetherates new vertices. Then
the photon lines coming off these vertices are sewn togathetoop amplitude using the
photon propagator in the effective theory.

For example, to reproduce the physics of the first graph in(B8.97), the relevant
effective vertex can be determined by cutting through thermediate photon and then
contracting the fermion loop to a point:

The second graph in Eq. (33.97) involves this vertex, aasediwith the inner fermion
loop, and a 6-point vertex associated with the outer fernidmp. The physics of the
diagrams in Eq. (33.97) are then reproduced by connectiadets in these effective

vertices:
Q and . (33.99)

~rAAAAAAR A AAAAA

These graphs would reproduce the complete result from tqghgrin Eq. (33.97), but we
need the fullZ.4{A] to compute them.
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In the Euler—Heisenberg Lagrangian, we tdgk, constant. Thus, the full physics of the
loops in Eqg. (33.97) is not reproduced by the Euler—Heisenbagrangian alone. Only if
we had the full effective Lagrangian, by evaluatinjgl] exactly, which would supplement
the Euler—Heisenberg Lagrangian with additional termseddmg ond, F,,s (and give
corrections at higher order im to the terms without derivatives), would the full theory be
reproduced. This exa€l A] is not known.

Even at energies above., the exact effective Lagrangian can be used. The electron
still shows up as a pole in the scattering amplitude, as iar@dé&eady from Schwinger
pair production in the constarit,, approximation. Thus, one can treat the electron like a
bound state and calculatematrix elements for it. Of course, this is a terribly ineiict
way to calculate electron production and scattering, smealready know the full theory.

It is more efficient to use the UV completion Bf namely QED, which has a Lagrangian
that is local and real.

33.5 Coupling to other currents
I

The effective action from integrating otitcan be generalized to the case whereouples
to other things besided,,. In this way, we can calculate things such astfe— v rate,
wherer? is the neutral pion from QCD (see Chapter 28).

When1) couples to things other that,,, the effective Lagrangian has more terms. Say
we had

L= (i —m)p — %¢(D +m3)p— %W(D +m2)m — eA Uy P 4+ Ay + igmy i,

(33.100)
which has a scalap and a pseudoscalarin addition to the external fieldl,,. When we
integrate out), the effective Lagrangian (without) will just contain the other fields cou-
pled to the expectation value of the variatibilinears in the background electromagnetic
field, as in Section 33.2.2. That is,

Lo [A, ¢, 7] = —%(b(D +m3)p— %W(D +m2)m —eA,Jh + Ao Jy +igndy, (33.101)
where
Jh = (A" p|A),  Jy = (AlgplA),  Jx = (Al plA). (33.102)

We sometimes call these field-dependent expectation valassical currents since they
are just classical functionals of backgrousd(x) fields. The calculation of these classical
currents corresponds to the evaluation of Feynman diagsantsas

Ty = @ +\Q +MV/+“<>" 4 ... (33.103)
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Here, thew refers to insertions of the external current in the origthabry, corresponding
to an interaction with the scalar. The photon lines are thekdpund electromagnetic
fields.

For the scalar current,

Jo = (A[p(@)(@)|4) = —Tr|(2|Gal)]

au] [T s (- et o)

= —4m dse~ism’ <x|efiHS |). (33.104)
0

You may notice that/y, = 7%1295 [A], with Leg[A] in Eq. (33.38), a result that is useful
and not surprising, since th@g) interaction and the mass temm)1) have the same form.
For the pseudoscalar current,

Jx = (Ald(@)7*$(@)|4) = ~Tr[(2]Gar’|)]
=-Tr [/Ooo dse~tsm* (z|(p — eA+m)e i(p—ed)’s z)]
=—-m /OO ds e ™ Ty [(mhg’e*ms\@} . (33.105)
0

This current does not have a simple relationCtg:[A], but as we will see, is not hard to
compute.

33.5.1 Currents at low energy

Since the scalar current if, = —%L‘QH[A], for the case of constant electromagnetic
fields, we can read the answer from the Euler—Heisenberghggn, although additional
counterterms may be required. We find (hiding the counteiir

e2 9 [*ds _,2,Recosh(esX) -
Jy=—o O [ B8 OCOSNCS) v o
¢~ 3272 0m / ¢ "

Imcosh(esX)
e2 9 [*ds o [ 1
_ 2 —m”s F2 .
87r28m/ ¢ L 82+6 o }
m2s 2
47T2m/ dse” [ + 6F’“’ } . (33.106)

The first term is infinite and can be removed with a renormttineof the bare terni3¢
in the Lagrangian. The second term is finite and gives

a1l
=~ —(F?2 4+... 33.107
Ts 67 m ( o+ ) ( )
where the - - are higher order in.

For the pseudoscalar, we need

Jr = —m/ ds e_i‘g"Lz’I‘r[75(x\e‘igﬂx)]. (33.108)
0
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Now, from Eq. (33.76),

2
e F””FW

—iHs
= (x;0|z;
(z|e |z) = (z;0[x; s) = ' 6an2 Im cos(es X

_;& s
)exp( iS50 F ) (33.109)

and so

ie2m > —ism?2 FMVF/,W
= dse —
6472 J, Im cos(esX)

Tr[yset2om 775, (33.110)

SinceTr[ys] = Tro,.vs) = 0, only terms withs,,,, to an even power will survive. Using
(o F1)? = 2F7, + 2iys F* Fy,, we get

Tr[yse 57 7] = —4iIm cos(esX). (33.111)
And thus,

Fry

/ dse " PP E,, = — Fo. (33.112)

I 167T2

PluggingJ, andJ, and the Euler—Heisenberg Lagrangian into Eq. (33.101)5give

4mm

LonlA 6,7 = LenlA] — 36O+ m)o+ ~o(~SF2 4.
- 57r(D +m2)r+ %%WFWFW. (33.113)

Note that ther coupling has just one term. The decay rates predicted frasreffective
Lagrangian are

a® mz

T(¢p —vy) = T3 e (33.114)
o omd

D(r — yy) = = [ . (33.115)

Not surprisingly, the pseudoscalar rate agrees exactly Bdt (30.11). In this method of
calculation, however, we gain additional insight into tks@ciated anomaly.

33.5.2 Chiral anomaly

Connecting ther — ~~ rate to an anomalous symmetry is straightforward in thecéife
action language. Recall that the QED Lagrangian,

L =P(id — ed)p — mipip, (33.116)

is invariant under a vector symmetgy,— '+, and, in the limitm — 0, under a chiral
symmetry,y» — e51). The associated Noether currents dte = 1y*t and JH®> =
yH~24p. By the equations of motion, the axial current satisfies

OpJ"® = 2imapyip. (33.117)

So the amount by which the axial current is not conserveddpgrtional to the fermion
mass.
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Now, we already calculated the expectation valug’ef+ in the background electro-
magnetic field. In Eq. (33.112) we fourdl|yy°|A) = i 2 F# F,,. This is consistent
with Eq. (33.117) only if

(Al0, 75| 4) = == F" E,, (33.118)

which agrees with Eq. (30.22).

33.6 Semi-classical and non-relativistic limits
]

The Schwinger proper-time method is not only useful for glating loops using quantum
mechanics, it also gives a new perspective on the semiicdssd non-relativistic limits
of quantum field theory. In particular, it illustrates whehe particles are hiding in the
path integral. As we will see, Schwinger proper time lets esve one-particle quantum
mechanics as the low-energy limit of quantum field theory.

To begin, we return to the expression for the Green'’s functie derived above for a
scalar particle in a background electromagnetic field, B§.22):

Galey) = (AIT (o)) = [ Tdsemtmt le o), (33.119)

with H = —(p — eA(&))2. This operatot is the Hamiltonian in a one-particle quantum
mechanical system that generates translations in Schwwimgger times. The func-
tion G4 (z,y) is computed for constant electromagnetic fields in AppeB@A. In this
section, we rewrit&s 4 (z, y) in terms of a quantum mechanical path integral.

In quantum mechanics, the path integral gives the amplitoda particle to propagate
from z# to y* in time s (see Section 14.2.2):

. z(s)=y
(yle™"*|z) = / Dz(7) exp(i / dr L(z, %)), (33.120)
z(0)=z
wherel = pi — H is the Legendre transform of the Hamiltonian. We would li&evork
out this Lagrangian in the case of a scalar in an electrontagfiedd.
To simplify things, we first write = —112, wherell* = p* —eA*(Z). The Heisenberg
equations of motion for translation inare

. TH ~ . A~
= ddi =i[H, "] = i[-11%, "] = 211", (33.121)
S
where[[1#, *] = [p*, 2] = ig" has been used in the last step. So,
oH . i\’ it
=plo— — H =11 = 2eA"TI" = — [ —— | —eAV—— 33.122
L=p OpH ¢ <2ds) “ s ( )

giving

. 2(s)=y s Azt 2
(yle= "5 |z) :/ Dz(T)exp —i/ dr | — —ie/AM(z)dz“ , (33.123)
z(0)=z 0 2dr

725
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with the integral over4,, a line integral along the pati(s). So the Green'’s function is

00 o, z(s)=y s dzP
Ga(x,y) :/0 dse™ "™ /(0)_ Dz(t)exp| — / dT( ) ze/A z)dz"

(33.124)

This is an exact formal expression, only useful to the extteattwe can solve fog(7).

This world-line formulation was derived by a different methby Feynman [Feynman,
1950], although it had little application for many yearstehest in this approach was
revived by Polyakov [Polyakov, 1981] in the context of gfyitheory, and by Bern and
Kosower [Bern and Kosower, 1992] who used it to develop amiefft way to compute
loop diagrams in QCD.

33.6.1 Semi-classical limit

In the limit that a particle is very massive, loops involvitigat particle are suppressed.
Thus, it should be possible to treat a massive particle iclafs and the radiation it
produces quantum mechanically.

To take the large mass limit, we first rescale> *; andr — . This gives

s

1 [ 2=y
Ga(z,y) = —/0 dseﬂs/ Dz(1)

m? z(0)=z

s 0\ 2
X eXp(—i/ dr [mQ(gj ) ] - ie/Aﬂ(z)dz“> . (33.125)
0 T

Now we see that, for large:, themQ(g§:)2 term completely dominates the path integral.
Moreover, asn — oo, the action is dominated by the point of stationary phasechwis
also the classical free-particle solution:

M (1) = a¥ 4 vPT, (33.126)

wherev” = # is the particle’s velocity. So we get, rescaling— sm? back again,
and plugging in the stationary phase solution,

Galw,y) = /0 h dsexp(—i {sm2+(y;sx)2+ev“ /O ) dTAu(z(T))]>. (33.127)

The first two terms in the exponent are independent ahd represent propagation of
a free particle, similar to Eq. (33.11). The next term is egl@nt to adding a term to the
LagrangianC = —eA, J*, whereJ* is the source current from a classical massive particle
moving at constant velocity:

JHz) = v*é(x — vT). (33.128)

In words, a heavy particle produces a gauge poterjaas if it is moving at a constant
velocity.
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This is thesemi-classicalimit. When a particle is heavy, the quantum field theory can
be approximated by treating that particle as a classicategbut treating everything else
guantum mechanically. You can study the fermion case inlEno33.4.

33.6.2 Non-relativistic limit

In the non-relativistic limit, not only is the particle’s mmassumed to be larger than the
energy of typical photons, but the particle’s velocity isemahssumed to be much less than
the speed of light. DefinAt = y° — 2° andAx = |7 — #|. A particle moving slowly from
zH to y* hasAt > Ax.

Separating out the time component, the 2-point functiongn(B3.124) becomes

= [ oo
xeXp(— /ngK;lZT) (;j)2+m2

The classical path that minimizes the action, from the largemit, has

e / Au(z)dz“> .

(33.129)

20r) =2+ At (33.130)
S

We want to treat this time evolution classically, and ledwerest of the field fluctuations
guantum mechanical. However, we can see that since (t%oth? andm? are large, the
stationary phase will havés—t ~ m and sos ~ 5. That is, the integral is dominated by
the region neat® = 2° + 2mr ands = 2%- To Ieadmg order in the expansion ©&nd
29 around their stationary-phase points, we then find

2(55)=y oo
Ga(z,y) :/ DZ(T) exp (Z/ dT[(QCZZ ) — 2m2] —ie/A,AZ)dz“) .
z(0)=x 0

(33.131)
Now we change variables to= 5 to find
2(At)=y At 1 dz 2
GA(x,y):/ DZ(t) exp z/ dt m() —m —ie/AM(z)dzf‘ .
z(0)=z 0 2 dt
(33.132)

This result is exactly the path integral expression in naativistic, first-quantized quan-
tum mechanics with a potentiél = m. We have just derived that the non-relativistic limit
of quantum field theory is quantum mechanics!
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33.A Schwinger’s method

In this appendix, we explicitly calculate the 1-loop effeetaction for constant background
electromagnetic fields},,, using Schwinger’s original method [Schwinger, 1951]. Tikis
an alternative way to calculate the Euler—Heisenberg Lragjaa than the sum over Landau
levels method discussed in Section 33.4. This method, @dtha bit longer, is appealing
because it avoids having to regulate the system in a boxsdt@moduces a general expres-
sion for the propagatof 4 (x, y) of a particle in a constant background electromagnetic
field.
Our starting point is the formula for the effective actiortq. (33.38):
_ 1 2 i > ds —ism? —iHs

Let(a) = =7 F2, (@) + 5 /0 e Tr[me |x>] 7 (33.A.133)
with H = —(p — e A" (#))2 + 5 Fu(2)o"”. We have dropped theterm, since we will
not need it with this method. Herg, (%) is to be thought of as a classical gauge field
configuration with position replaced by the operatokVe would like to calculaté.g ()
whenF,, () = (9,4, — 8, A,)(2) is constant. We begin by calculatirg|e~*/%|z).
Once this is known, we will sef = = and integrate oves to getL.s-.

33.A.1 Proper-time propagation

States such gs:) are eigenstates of an operaidrin a first-quantized Hilbert space. The
operatorsi# are Schodinger-picture operators. They are related to Heisenpietgre
operators byi# (s) = etfls3re~H5 Using the definitiorjz; s) = e~**|x) we find

104 (y; 0lz; 8) = 10, (yle % |2) = (yle = H|). (33.A.134)
Now,
(yle ot (s) = (ylare e = yi(yle— 2, (33.A.135)
and
##(0)|x; 0) = &#|x; 0) = a*|x; 0). (33.A.136)

Thus, if we can writeH in terms of#(0) and(s) we can turn Eq. (33.A.134) into an
ordinary differential equation whose solution givgs0|z; s).

In quantum mechanics, the position and momentum operaatisfys iz, p] = i. In our
4D first-quantized setup we generalize this to

[##(s), 9" (s)] = —ig"”, (33.A.137)

with the commutation applying at the same proper tim8o simplify the form of the
Hamiltonian, we introduce the operatb = p* — eA*(Z). Then, assuming,, is
constant, we get

[ﬁ;#(s),ﬁ”(s)] — g, (33.A.138)
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[T#(s), [T ()] = —ieF"". (33.A.139)
In terms of[1#, the Hamiltonian is
H(s) = —J% = —I1,(s)T1"(s) + gF,WaW. (33.A.140)

For simplicity, we will drop circumflexes on operators frommon. As a notational conve-
nience, we will also replace andv indices with boldface type. So the vectars andIT#
are written a andIlI, respectively, and the matricéd” ando*” are written a¥' ando
respectively. Thettr(oF) = o, , F" = —o,, F*, with tr(- - - ) referring to a trace over
w1 andv indices in this context.

In this notation, the evolution dii*(s) generated by the Hamiltonidi (s) through the
Heisenberg equations of motion becomes

dIl
ds
where we have used that sinEds constant it commutes with all operators, includidg
This equation is solved bi(s) = e2**FI1(0). Similarly,
dx -

o =ilH,x] =21, (33.A.142)
S

= i[H,TI] = 2¢F - II, (33.A.141)

which gives
osF Sinh(esF)
seF
This solution is easy to check by differentiating. In theitidA — 0, IT — p and this
becomes(s) = x(0) + 2sp(0), which is consistent with the eigenstatesxdf) being
those which evolve into positior¥* after a times.
Thus we have

x(s) =x(0) + 2se - T1(0). (33.A.143)

eF

I1(0) = e’“Fm- [x(s) — x(0)], (33.A.144)
es eF
I(s) =e Fm- [x(s) — x(0)]. (33.A.145)

The Hamiltonian then becomes

H = —TI(s) - TI(s) — gtr(aF) = — [x(s) — x(0)] K[x(s) — x(0)] — —tr(c'F),
(33.A.146)
with K = 451%1:(;5) Note thatk,,, = K.
To evaluatey|e~* H|z) in Eq. (33.A.134) usindd, it is helpful first to rewriteH so
thatx(s) is on the left and(0) is on the right. This is not hard:

IT(s)-TI(s) = x(s)Kx(s)—2x(s)Kx(0)+x(0)Kx(0)+ K, [z"(s), 2" (0)]. (33.A.147)

Now,
K fa(s),2"(0)] = —tr{K [X<0>»X<O> e = 'H(O)] }

i

= 2tr[eF + eF coth(esF)]. (33.A.148)
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So, sincer[F| = 0, we have

H = —x(s)Kx(s) + 2x(s)Kx(0) — x(0)Kx(0) — %tr[eF coth(esF)] — gtr(aF).
(33.A.149)
In this canonical formH can be evaluated in position eigenstates.
Equation (33.A.134) becomes

€2F2

4 sinh?(esF) v =)

i0(y; Ola; s) = — {(Y —x)
+ %tr[eF coth(esF)] + ;tY(UF)} (y;0[z;s), (33.A.150)

wherex = z* andy = y* are position vectors, not operators anymore. This is just a
differential equation. The general solution is

(y;0]z; s) = Clx,y) exp{i(y — X)% coth(esF)(y — x)
—;trln[smhe(;sm} +z’e;tr(aF)} (33.A.151)

This can be checked by differentiation and holds for &fty, y).
To determine’(x, y), we use the additional information that

(ia - 6A> (y; 0|z; s) = (y; 0\67“:[81](0”5”; s)

ox
_ —esk__€F (y — %)(y; 0|z 5) (33.A.152)
- 2 sinh(esF) Y RIS o
and similarly
‘a . . _ esFL o . .
<zayeA) (i 0k ) = €7 5t g 0 X (s Olss) . (33ASY
Plugging in our general solution, we find
0 A SFx—y)| oy =0 (33.A.154)
ZaX € 2 X y I7y - Y s
and
il A SR(x—y)| Clany) =0 (33.A.155)
Z@y e 5 X—-Yy x,y) =0. A
The solution is
v 1
C(x,y) = Cexp {ie/ dz“(AM(Z) + §F,w(z” - y”))] . (33.A.156)

This line integral is independent of path since the intedtaas zero curl. The constafit
can be fixed by demanding that the result reduce to the fresytles A — 0. The final
resultis
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Y

—1 - ’ 1 v v
(y; 0|z; ) = 1622 exp {ze/m dz“(Au(z) + iFw(z —y ))}

F 1
X exp [z(y - x)% coth(esF)(y — x) + ie—;tr(UF) - §tr ln[

sinh(esF)
esF ” ’
(33.A.157)

which is manifestly gauge invariant. Takiag— 0 reproduces Eq. (33.11), which confirms
the normalization.

Equation (33.A.157) is more generally useful than just ffier talculation of the Euler—
Heisenberg Lagrangian. The special case when y is quoted in Eq. (33.76) and used
for the calculation of ther® — ~~ rate in Section 33.5.1.

33.A.2 Effective Lagrangian

Now that we have the proper-time Hamiltonian, we are a sl away from the Euler—
Heisenberg Lagrangian. We need to calculate

1 7 > ds . 2 -7
Len(a) = —F2 (@) + 7/0 —eiem Tr{(x\e’zHﬂx)}

2
1 1 <1 es 1 sinh(esF)
=_—_-F? —Tr = —ism? + i—tr(oF) — =trln| ————~
1 W(m)—i—32ﬂ2 {/0 dss3 eXp[ ism® +1i 5 tr(oF) 2tr n{ — T ” },
(33.A.158)
whereTr is the Dirac trace antk contracts: andv as above.
Now, recall from Eq. (30.65) that
[tr(oF)])* = —2tr(F2) — 2iystr(FF) = 8(F — i75G), (33.A.159)
whereF# = LewvaSF, 5 and
1 2 1 2 2
= 1Fn = 5(B* - B?), (33.A.160)
1 . Lo
G=— F"E,=E B (33.A.161)
Then, sinceys has eigenvalues1, the Dirac eigenvalues dfr(oF) are
MF = +/8(F £iG), (33.A.162)

with all four sign combinations possible. So,
Tr {ei%”("F)} = 2cos [es 2(F + zg)} +2cos [es 2(F — zg)}
= 4Recos[esX], (33.A.163)

where

X

1 i : —
\/ZFﬁu — G FW Fu = V2(F+iG) =/ (B +iE). (33.A.164)
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Next we need

1 inh(cF
2trln[sm(;s)] — In A o ds M, (33.A.165)
es

where); are the four eigenvalues 8£205F2) These eigenvalues are determined from the
eigenvalues of a constaf},,,, which are (see Problem 33.5)

F_, b n —
=i [wr TG+ VF zg} , (33.A.166)
with all four possible sign choices. After some simplificatithe result is
1 sinh(eFs)] | (es)?G
exp { §tr ln |:€S:F:| } = Im Cos(esX) . (33A167)

Putting everything together, we find
1 e [~ 1 . 2 Recos(esX) -

L = __[? ds—e m s 2 Jpwp

en () 4w + 3272 /0 7S¢ Im cos(esX) "

which is the final answer for the unrenormalized Euler—Heigeg effective Lagrangian,
in agreement with Eq. (33.71).

(33.A.168)

Problems
|

33.1 Complete the calculation of the Euler—Heisenberg Lagengsing Landau levels
in an arbitraryF,,,,. Show that for an electric field — £ is justified. Also show
that the result for a general electromagnetic field is giveid. (33.71).

33.2 Calculate light-by-light scattering using helicity spiso

33.3 Calculate the contour integral to derive the pair-productiate Eq. (33.94) from
Eq. (33.93). It is helpful to first expand the integrationitsro ffooo ds, then deform
the contour to pick up the poles.

33.4 Repeat the analysis in Section 33.6.1 for a fermion. Showinitae non-relativistic
limit, the spin is irrelevant.

33.5 Show that the eigenvalues &F,, are given by Eq. (33.A.166).



